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Numerical Simulation of the Generation of Axisymmetric
Mode Jet Screech Tones
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An imperfectly expanded supersonic jet invariably radiates both broadband noise and discrete frequency sound
called screech tones. Screech tones are known to be generated by a feedback loop driven by the large-scale instabil-
ity waves of the jet flow. Inside the jet plume is a quasiperiodic shock cell structure. The interaction of the instability
waves and the shock cell structure, as the former propagates through the latter, is responsible for the generation
of the tones. Currently, there are formulas that can predict the tone frequency fairly accurately. However, there
is no known way to predict the screech tone intensity. In this work, the screech phenomenon of an axisymmetric
jet at low supersonic Mach number is reproduced by numerical simulation. The computed mean velocity profiles
and the shock cell pressure distribution of the jet are found to be in good agreement with experimental measure-
ments. The same is true with the simulated screech frequency. Calculated screech tone intensity and directivity at
selected jet Mach number are reported. The present results demonstrate that numerical simulation using compu-
tational aeroacoustic methods offers not only a reliable way to determine the screech tone intensity and directivity
but also an opportunity to study the physics and detailed mechanisms of the phenomenon by an entirely new

approach.

I. Introduction

UPERSONIC jet noise consists of three principal compo-

nents!: the turbulent mixing noise, the broadband-shock-
associated noise, and the screech tones. Screech tones are discrete
frequency sound. At low supersonic Mach numbers, the screech
tones are associated with the axisymmetric oscillations of the jet
and radiate principally in the upstream direction. It has been known
since the early work of Powell? that screech tones are generated
by a feedback loop. Recent works show that the feedback loop is
driven by the instability waves of the jet flow.! In the plume of
an imperfectly expanded jet is a quasiperiodic shock cell structure.
Figure 1 shows schematically the feedback loop. Near the nozzle
lip where the jet mixing layer is thin and most receptive to external
excitation, acoustic disturbances impinging on this area excite the
instability waves. The excited instability waves, extracting energy
from the mean flow, grow rapidly as they propagate downstream.
After propagating a distance of four to five shock cells, the instabil-
ity wave havingacquired a large enough amplitude interacts with the
quasiperiodicshock cells in the jet plume. The unsteady interaction
generatesacousticradiation, part of which propagatesupstreamout-
side the jet. Upon reaching the nozzle lip region, the acoustic waves
excite the mixing layer of the jet. This leads to the generation of
new instability waves. In this way, the feedback loop is closed.

At the present time, there are reliable screech tone frequency
prediction formulas.!* However, there is no known way to predict
tone intensity and directivity, even if it is entirely empirical. This
is not surprising because the tone intensity is determined by the
nonlinearities of the feedback loop.

The principal objective of the present work is to simulate
the screech phenomenon numerically for low-supersonic-Mach-
number jets. It will be shown that numerical simulation is an ac-
curate method for predicting screech tone intensity and directivity.
Numerical simulation of jet noise generation is not a straightfor-
ward undertaking. Tam* had earlier discussed some of the major
computational difficulties anticipated in such an effort. First, the
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problem is characterized by very disparate length scales. For in-
stance, the acoustic wavelength of the screech tone is over 20 times
larger than the initial thickness of the jet mixing layer that supports
the instability waves. Further, there is also a large disparity between
the magnitude of the fluid particle velocity of the radiated sound
and the velocity of the jet flow. Typically, they are five to six orders
different. To be able to compute accurately the instability waves and
the radiated sound, a highly accurate computational aeroacoustics
algorithm with shock-capturingcapability and a set of high-quality
numerical boundary conditions are required.

In Sec. II, the mathematical model, the computation algorithm,
and the grid design are discussed. Section III describes the various
numerical boundary conditions used in the simulation. Section IV
elaborates on the distribution of artificial selective damping incor-
poratedin the computationalgorithm. The artificial selective damp-
ing terms are for the elimination of the high-wave-numberspurious
waves. They have no effect on the low-wave-number component
(the physical solution) of the computation. They help to maintain a
high-quality numerical solution free from contamination by spuri-
ous waves and numerical instability. Comparisons between numer-
ical results and experimental measurements are providedin Sec. V.
These include the mean velocity profiles, the shock cell structure,
the dependence of the screech tone frequency on jet Mach number,
and screech tone intensity. Excellent agreements with experimental
measurements are found. Computed directivities for the first two
harmonics of the dominant screech tone will also be provided.

II. Mathematical Model, Computation Scheme,

and Grid Design

In this work, we are interested in simulating the axisymmetric
mode jet screechin the jet Mach number range of 1.0-1.25. The axi-
symmetricmode is the dominantscreechmode for axisymmetricjets
from convergentnozzles at these Mach numbers. For this purpose,
only two-dimensionalcomputationsin the x-r plane, where (r, 6, x)
are the cylindrical coordinates, are necessary.

A. Mathematical Model

For an accurate simulation of jet screech generation, it is essen-
tial that the feedbackloop be modeled and computed correctly. The
important elements that form the feedback loop are the shock cell
structure, the large-scale instability wave, and the feedback acous-
tic waves. Because turbulence in the jet plays only an indirect role
in the feedback loop, no attempt is made here to resolve it com-
putationally. However, turbulence in the mixing layer of the jet is
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Fig.1 Schematic diagram of the screech tone feedback loop.
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Fig.2 Physical domain to be simulated.

responsible for its spreading, and the spreading rate of the jet af-
fects the spatial growth and decay of the instability wave. To ensure
a good simulation of the spreading rate, the k-¢ turbulence model
is adopted. In the computation, the modified k-¢ model of Ref. 5,
optimized for jet flows, is used.

Figure 2 shows the physical domain to be simulated. We will use
length scale= D (nozzle exit diameter), velocity scale = a,, (ambi-
ent sound speed), timescale= D/a.,, density scale = p,, (ambient
gas density), pressure scale = p,a’, and temperature scale= T,
(ambient gas temperature); scales for k, ¢, and v, are a2, a2 /D,
and a., D, respectively. The dimensionless governing equations in
Cartesian tensor notation are
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where y is the ratio of specific heatsand v is the molecularkinematic
viscosity.The terms k, = 107® and g, = 10~* are small positive num-
bers to prevent the division by zero. The model constants’ are taken
to be

C, =0.0874,

o, = 0.324, o, =0.377

C. =14, C.r =2.02, P. =0422

v/aeD = 1.7 x 107°

Note that, for the range of Mach number and jet temperature con-
sidered, the Pope and Sarkar corrections that are often added to the
k-& model® are not necessary. Outside the jet flow, both k and ¢ are
zero. On neglecting the molecular viscosity terms, the governing
equations become the Euler equations.

In this work, solutions of the preceding set of equations are to be
found numerically. For a given jet operating condition, the solution
is to provide the shock cell structurein the jet plume, the mean flow
as well as the instability wave in the mixing layer, and the acoustic
field of the screech tone outside the jet.

B. Computation Scheme and Grid Design

In this work, the seven-pointstencil Dispersion-Relation-Preserv-
ing (DRP) scheme*® is used to time-march the solution to a time
periodic state corresponding to the screech cycle. The coefficients
of the scheme, including those of the backward difference stencils,
are given in Ref. 4 (the value of a; should be 0.0208431427703).
The DRP scheme has proven to be nearly nondispersiveover a wide
band of wave numbers. In the acousticregion, the use of eight mesh
points per wavelengthwould be adequate. This allows a fairly coarse
grid to be used in the entire region outside the jet flow.

C. Grid Design

The mixing layer of the jet is very thin. The smallest size grid is
employedhere to provideneededresolutionof the jet shearlayerand
instability waves. Figure 3 shows the entire computation domain.
The domain extends 5 diameters back from the nozzle exit and
35 diameters long in the x direction. It is 17 diameters in the r
direction. A larger computational domain of 45D x 25D was used
at the beginning. Numerical experiments, however, showed that the
smaller domain gave essentially identical results. The domain is
divided into four blocks (or subdomains) as far as the grid size is
concerned. In Fig. 3, these subdomains are separated by black lines.
The black lines represent buffer regions of three mesh spacings.
Because acoustic waves propagate with no preference in direction,
square grids are used. The finest grid in the block right downstream
of the nozzle exit has Ax = D/64. This block is enclosed by the
next block with Ax = D /32, which, in turn, is enclosed by another
block with Ax = D/16. The outermost block has Ax =D/8. In

AX=D/8
I e jet
—l';-::. T AR=D/64_| AX=D/32 AX=D/16
nozzle jet axis X

Fig. 3 Computation domain in the r-x plane showing the different
subdomain and mesh sizes.
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Fig. 3, the dotted curve represents more or less the edge of the
jet flow. This is well inside the lightly shaded region in which the
governing equations are the k-¢ model turbulent flow equations.
The full Euler equations are used in the unshaded region.

The buffer region is a narrow region around the boundaries of a
computation subdomain of uniform size mesh. The change in the
mesh size takes place in the buffer region. The basic design of the
bufferregioncanbe foundin Ref. 7. In this work, a slightlyimproved
version of the basic design is used.

III. Numerical Boundary Conditions

Numerical boundary conditions play a crucial role in the simu-
lation of the jet screech phenomenon. Recently an in-depth review
of this subject was given by Tam.? For the present problem, several
types of numerical boundary conditions are required. In Fig. 2, out-
flow boundary conditions are necessary along boundary AB. Along
boundary BCDE, the radiation condition with entrainment flow is
required. On the nozzle wall, the solid wall boundary condition is
imposed. The jet flow is supersonic. So the inflow boundary condi-
tion can be prescribedat the nozzle exit plane. Finally, the equations
of motion in cylindrical coordinates centered on the x axis have an
apparent singularity at the jet axis (r — 0). A special treatment is
needed to avoid the singularity computationally. In the following,
a brief description of the different boundary conditions used in the
simulations is provided.

A. Radiation Boundary Conditions with Entrainment Flow

For accurate numerical simulation, the numerical boundary con-
ditions to be imposed along boundary BCDE must perform three
functions. First, they must specify the ambient conditions for the
entire computation. This information is critical to the correct ex-
pansion of the jet and the development of the shock cell structure.
Second, they must allow the acoustic waves generated to leave the
computation domain with minimal reflection. Third, they must gen-
erate the entrainment flow induced by the jet. The development of
such a set of radiation boundary conditions with entrainment flow
is discussed in Ref. 8.

B. Outflow Boundary Conditions

Along the outflow boundary AB, the mean flow is nonuniform.
For this reason, the nonuniformoutflow boundary conditionsof Tam
and Dong’ are used. However, as the outflow boundary is only 30
jet diameters downstream, the instability wave amplitude, although
damped at sucha far distance,remains quite large. To allow for weak
nonlinearities, we nonlinearized the outflow boundary conditions
of Tam and Dong by replacing the linear terms by their nonlinear
counterparts.In cylindrical coordinates, the complete set of outflow
boundary conditions used is
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where V(0) = ucos 6 +a(l — M?sin*0)"/? and M = u/a. The
term a is the speed of sound, and (6, R) are spherical polar coordi-
nates (the x axis is the polar axis); the origin of R has been taken to
be at the end of the potential core of the jet. The last two of the pre-
ceding equations are the nonlinearizedform of the linear asymptotic
k-¢g equations (without sources). The term p is the static pressure

calculated by the entrainment flow model at the edge of the jet flow
at the outflow boundary.

C. Inflow Boundary Conditions

Atthenozzleexitplane, the flow variablesare takento be uniform,
correspondingto those at the exit of a convergentnozzle. In addition,
both k and ¢ are assumed to be zero. In other words, the mixing layer
is regarded to be very thin. Thies and Tam,’ in their jet mean flow
calculation work, found that this is areasonably good way to initiate
the computation. For cold jets, the mixing layer evolves rapidly into
a quasisimilar state resembling that in a physical experiment.

D. Boundedness Treatment at the Jet Axis

In cylindricalcoordinates, the governingequationhas an apparent
singularity at the jet axis (r — 0). Reference 8 discusses two ways
to treat this problem. In the present work, the governing equations
are not used at r = 0. Instead, the formal limit of these equations
asr — 0 is used. Our experience is that this can be implemented in
a straightforward manner by extending the seven-point stencil into
the negative region of . The flow variables p, p, and # inthe r <0
region are determined by symmetric extension about the jet axis,
whereas v is obtained by an antisymmetric extension. These are the
proper extensions for axisymmetric jet screech oscillations.

E. Wall Boundary Conditions

On the nozzle wall, the boundary condition of no through flow
is implemented by the ghost point method of Tam and Dong.'
For the purpose of eliminating the generation of spurious waves,
extra amounts of artificial selective damping are imposed around
the nozzle wall region. By judging from the computed results, this
is an effective way to avoid the generation of short spurious waves.

IV. Artificial Selective Damping

The DRP scheme is a central difference scheme and, therefore,
has no intrinsic dissipation. For the purpose of eliminating spuri-
ous short waves and to improve numerical stability, artificial selec-
tive damping terms!! are added to the discretized finite difference
equations.

In the interior region, the seven-point damping stencil* (with
half-width 0 =0.27) is used. An inverse mesh Reynolds number
[RZ1 =v,/(axA,), where v, is the artificial kinematic viscosity]
of 0.05 is prescribed over the entire computation domain. This is
to provide general background damping to eliminate possible prop-
agating spurious waves. Near the boundaries of the computation
domain where a seven-pointstencil does not fit, the five- and three-
point damping stencils given in Ref. 4 are used.

Spurious numerical waves are usually generatedat the boundaries
of a computationdomain. The boundaries are also favorite sites for
the occurrence of numerical instability. This is true for both exterior
boundaries as well as internal boundaries such as the nozzle walls
and bufferregions where there is a change in mesh size. To suppress
both the generation of spurious numerical waves and numerical in-
stability, additional artificial selective damping is imposed along
these boundaries. Along the inflow (radiation) and outflow bound-
aries, a distributionof inverse mesh Reynolds numberin the form of
a Gaussian function with a half-width of four mesh points (normal
to the boundary) and a maximum value of 0.1 right at the outermost
mesh points is incorporated into the time-marching scheme. Adja-
cent to the jet axis, a similar addition of artificial selective damping
isimplemented with a maximum value of the inverse mesh Reynolds
number at the jet axis set equal to 0.35. On the nozzle wall, the use
of a maximum value of additional inverse mesh Reynolds number
of 0.2 has been found to be very satisfactory.

The two sharp corners of the nozzle lip and the transition point
between the use of the outflow and the radiation boundary condition
on the right side of the computation domain are locations requiring
further additional numerical damping. This is done by adding a
Gaussian distribution of damping around these special points.

As shown in Fig. 3, the four computation subdomains are sepa-
rated by buffer regions. Here additional artificial selective damping
is added to the finite difference scheme. In the supersonic region
downstream of the nozzle exit, a shock cell structure develops in
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the jet flow. To provide the DRP scheme with shock-capturing ca-
pability, the variable stencil Reynolds number method of Tam and
Shen'? is adopted. The jet mixing layer in this region has very large
velocity gradientin the radial direction. Because of this, the Ugeycir
of the variable stencil Reynolds number method is determined by
searching over the seven-pointstencilin the axial direction and only
the two immediately adjacent mesh points in the radial direction.
An inverse stencil Reynolds number distribution of the form

Rstelncll - 45F(X)G(r) (16)
where
1, 0<x<9
F(x) = fn 2 )
exp[—(SAx)z(x—% ], 9<x
1, 0<r<038
G = 11'2
D=1 e [— €2 0.8)2], 08 <r
(4Ax)?

is used in all of the numerical simulations. It is possible to show,
based on the damping curve (o = 0.37), that the variable damping
has a minimal effect on the instability wave of the feedback loop.
Also, extensivenumerical experimentationsindicate that the method
used can, indeed, capture the oscillatory shocks in the jet plume and
that the time-averagedshock cell structure compares favorably with
experimental measurements.

V. Numerical Results and Comparisons
with Experiments

We have been able, using the numerical algorithm described
earlier, to reproduce the jet screech phenomenon computationally.
Figure 4 shows the computed density field in the x-r plane at one
instance after the initial transient disturbances have propagated out
of the computationaldomain. The screech feedbackloop locksitself
into a periodic cycle without external interference. As can be seen,
sound waves of the screech tone are radiated out in a region around
the fourth to fifth shock cells downstream of the nozzle exit. Most
of the prominent features of the numerically simulated jet screech
phenomenonare in good agreement with physicalexperiments.* '

A. Mean Velocity Profiles and Shock Cell Structure

To demonstratethat the presentnumerical simulationcan actually
reproduce the physical experiment, we will first compare the mean
flow velocity profile of the simulated jet with experimental measure-
ments. For this purpose, the time-averaged velocity profiles of the
axial velocity of a Mach 1.2 jet from one diameter downstream of
the nozzle exit to seven diameters downstream at one-diameter in-
tervals are measured from the numerical simulation. They are shown
as a function of n* = (r —ry5)/x in Fig. 5, where ry 5 is the radial
distance from the jet axis to the location where the axial velocity is

sound waoves

{{1i

nozzle

jet flow

shock cells

Fig. 4 Density field from the numerical simulation showing the gen-
eration and radiation of the screech tone associated with a Mach 1.13,
cold supersonic jet from a convergent nozzle.
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Fig.5 Comparison between mean velocity profiles of numerical simu-
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Fig. 6 Comparison between calculated time-averaged pressure distri-
bution along the centerline of a Mach 1.2 cold jet and the measurement
of Norum and Brown!”: ——, simulation,and J, experiment.

equal to half the fully expanded jet velocity. Numerous experimen-
tal measurements have shown that the mean velocity profile when
plotted as a function of n* would nearly collapse into a single curve.
The single curve is well represented by an error function in the
form

ufu; = 0.5[1— erf(on")] (17)

where o is the spreading parameter. Extensive jet mean flow data
had been measured by Lau.'® By interpolating the data of Lau to
Mach 1.2, it is found that experimentally o is nearly equal to 17.0.
The empirical fit, formula (17), with 0 = 17.0 is also plotted in
Fig. 5 (the circles). As can readily be seen, there is good agreement
between the empirical mean velocity profile and the profiles of the
numerical simulation.

One important component of the screech feedback loop is the
shock cell structure inside the jet plume. To ensure that the simu-
lated shock cells are the same as those in an actual experiment, we
compare the time-averaged pressure distribution along the center-
line of the simulated jet at Mach 1.2 with the experimental measure-
ments of Norum and Brown.!” Figure 6 is a plot of the simulated
and measured pressuredistributionas a function of downstreamdis-
tance. It is clear that the first five shocks of the simulation are in
good agreement with experimental measurements in terms of both
shock cell spacing and amplitude. Beyond the fifth shock cell, the
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Fig. 7 Unsteady shock cell structure and large-scale disturbances in-
side the jet plume at an instant.

agreement is less good. At this time, we are unable to determine
the cause of the discrepancy (including possible experimental er-
ror). However, it is known that screech tones are generated around
the fourth shock cell. Therefore, any minor discrepancies down-
stream of the fifth shock cell would not invalidate our screech tone
simulation.

During a screech cycle, the shock cell is not stationary. In the
past, Westley and Woolley'® had made extensive high-speed strobo-
scopic schlieren observations of the motion of the shock cells and
the disturbances/instability wave in the mixing layer of the jet. Fig-
ure 7a is their sketch of the prominent features inside the jet plume.
Figure 7b is the density field in a plane cutting through the center-
line of the simulated jet. In comparing Figs. 7a and 7b one must be
aware that the lighting in schlieren observation gives an integrated
view of the density field across the jet. Despite this inherent dif-
ference, there are remarkable similarities between the two figures.
Not only are the gross features of the large turbulence structure (in
the form of toroidal vortices) and shock cells alike, but also the de-
tailed features of the curved shocks are nearly the same. Based on
the aforementioned comparisons, it is believed that the numerical
simulation, indeed, can reproduce all of the important elements of
the screech phenomenon.

B. Screech Tone Frequency and Intensity

It is well known that at low supersonic jet Mach numbers there
are two axisymmetric screech modes: the A; and the A, modes.
Earlier, Norum'* had compared the frequencies of the A, and A,
modes measured by a number of investigators. His comparison in-
dicates that the screech frequencies and the Mach number at which
the transition from one mode to the other takes place (staging) vary
slightlyfrom experimentto experiment.Itis generallyagreedamong
experimentalists that the screech phenomenon is extremely sensi-
tive to minor details of the experimental facility and jet operating
conditions.

In the present numerical simulation, both the A; and A, axisym-
metric screech modes are reproduced. Figure 8 shows the variation
of A/D, where A is the acoustic wavelength of the tone, with jet
Mach number obtained by the present numerical simulation. Be-
cause A/D = a /(fD), where f is the screech frequency, this
figure essentially provides the frequency Mach number relation-
ship. Also plotted are the measurements of Ponton and Seiner.!
The data from both the numerical simulation and the experiment
fall on the same two curves, one for the A; mode and the other
for the A, mode. This suggests that the calculated screech frequen-
cies are in complete agreement with experimental measurements,
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Fig. 8 Comparison between the acoustic wavelengths of simulated
screech tones and the measurements of Ponton and Seiner!>: O and
[J, measurements, and ® and B, simulation.
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Fig.9 Intensity of axisymmetricscreech tones at the nozzle exit plane:
a) r/D = 0.889 and b) r/D = 0.642. Experiment '*: O, A; mode, and O,
A, mode. Numerical simulation: ®, A; mode, and B, A, mode.

although the Mach number at which staging takes place is not the
same.

Ponton and Seiner!®> mounted two pressure transducers at radial
distancesof 0.642D and 0.889D, respectively,on the surface of the
nozzle lip in their experiment. By means of these transducers, they
were able to measure the intensitiesof the screechtones. Their mea-
sured values are plotted in Figs. 9a and 9b. The transducerof Fig. 9b
is closer to the jet axis and hence shows a higher decibel level. Also
plotted are the corresponding tone intensities measured in the nu-
merical simulation. The peak levels of both physical and numerical
experiments are nearly equal. Thus, except for the difference in the
staging Mach number, the present numerical simulation is, indeed,
capable of providing accurate screech tone intensity prediction as
well.

C. Directivity

The directivity patterns of the simulated screech tones have been
measured. Typical directivities for the A; and A, modes are shown
in Figs. 10 and 11. A search through the literature failed to find
directivity measurements for the axisymmetric mode screech tones.
Validation of these results, therefore, cannot be carried out at this
time.

Figure 10a shows the directivity of the A; screech mode (funda-
mental frequency) at jet Mach number 1.18 scaled to a distance of
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Fig. 10 Directivity of the A; mode screech tone at M; = 1.18 and
r = 65D.
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Fig.11 Directivity of the A modescreech toneatM; = 1.2 andr = 65D.

65D. The directivity of the second harmonic is given in Fig. 10b.
Those for the A, mode at Mach 1.2 are shown in Figs. 11a and
11b. Overall, the directivity patterns of the A; and A, modes are
similar. However, there are differencesin detailed features. For the
fundamental tone, the directivity pattern consists of two principal
lobes. One lobe radiates upstream and forms part of the screech
feedback loop. The other radiates downstream peaked at a rela-
tively small angle from the jet flow direction. This is not sound
generated by the interaction of instability wave and shock cells. It
is Mach wave radiation generated directly by the instability wave as
it propagates down the jet column.!* 18

The directivity pattern of the second harmonic (Figs. 10b and
11b) also displays two principal lobes. One lobe peaks around the
90-deg direction. This is the principal lobe. The soundis generated
by the nonlinearitiesof the source (nonlinear instability wave shock
cell interaction). The other lobe is in the upstream direction. We
believe this is generated by the nonlinear propagation effect of the
upstream propagating feedback acoustic waves. The screech tone
intensity is quite high. This leads immediately to wave steepening
and the generationof harmonics. An examination of the waveforms
measured at upstream locations confirms that they are not sinusoidal
butsomewhatdistorted. Thus the main lobes of the second harmonic
have entirely different origins.

VI. Concluding Remarks

Recently, rapid advances have been made in the development of
computationalaeroacousticmethods. In this work, we have demon-
strated that it is now possible to perform accurate numerical sim-
ulation of the jet screech phenomenon by the use of one of these
methods, namely, the DRP scheme with artificial selective damp-
ing. Numerical boundary conditions are also crucial to the success
of the simulations. At the present time, such numerical boundary
conditions are available in the literature. In a previous review,” it
was pointed out that, unlike traditional computational fluid dynam-
ics problems, numerical simulation of jet noise generation is sub-
jected to the difficulties of large length scale disparity and the need
to resolve the many-order-of-magnitude differences in sound and
flow. This work indicates that these problems can be overcome by a
careful design of the computation grid and the use of an optimized
high-order finite difference scheme.

The present work is restricted to the low-supersonic-Mach-
number range for which the screech tones are axisymmetric. Future
plans call for the extension of the work to three dimensions to allow
the simulation of flapping modes at higher Mach numbers.
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